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Abstract: We present particular and unique solutions of Dokshitzer-Gribov-Lipatov- Altarelli-Parisi (DGLAP)
evolution equations for light sea and valence quark structure functions in leading order (LO). We obtain t
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1. INTRODUCTION

In recent papers [1-3], particular solutions of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [4-7] evolution
equations for t and x-evolutions of singlet and non-singlet structure functions in leading order (LO) and next-to-leading
order (NLO) at low-x have been reported. In this paper we obtain particular and unique solutions of the DGLAP evolution
equations for sea and valence quark structure functions in LO to obtain t and x-evolutions of those structure functions.
These LO results are compared with a recent global parameterization [8]. Here section 1, section 2, and section 3 will give
the introduction, the necessary theory and the results and discussion respectively.

2. THEORY

The DGLAP evolution equations for sea and valence quark structure functions in the standard forms are [9]

2
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33—2Nf QZ
where  F,%(x, Q%) = xus or xds or xss, F2*(x, Q%) = xu, or xd, and ag (QZ): In <
127 A
4/(33-2Ns), Nt being the number of flavours and 4 is the QCD cut off parameter.
Egs (1) and (2) become,
oF5 (x,t) Af
— [{3+4In(1 OES (x0)+ 15 (x, 0+ 15(x, t):| _ @
and
aFél (X,t) Ag \Y v _ 4
T [{3+ 4@ — >EY (x, ) + | (x,t):l — o,
where
17 (x,t)= 2] {(1+ WZJFZS(X/W t)— 2F5(x, t)} ®)
=3 1
1S(x,t) == = 1- 2 / w,t)d ©)
S(x,t) 4)_[({W —+ w) }B(X w, t )dw
and
V(x, t)—2_f {(1+W2)Fv(xlwt) 2FY (x, t)} ()

]. Taking t = In(Q%/4?), A;=

Using Taylor expansion method [10] and neglecting higher order terms of x as discussed in our earlier works [1-3, 11-12],

G(x/ w,t) can be approximated for low-x as

K 6G(x,t)_

G(x/w,t G(x,t)+ x u (8)
( )= G(x. 1) kz > L S
&1
where, u=1-w and =X >u
1—u 1=0
Similarly, F,°(x / w, t) and F,'(x / w, t) can be approximated for small-x as
o . oF5(x,t)
FS(x/w,t)= FS(x,t)+ x Suk——2* "/ ©
> ( ) > (x, 1) kzl o
and
o | oFY(x,t)
FY x/w,t =FY X, t)+ X Zukz—. 10
2 ( ) 2 ( ) =1 ox (10)
Using equations (8), (9) and (10) in equations (5), (6) and (7) and performing u-integrations we get
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T =-1@—x)x+3)JF5 (x.,t)+ [Zx In(1/x)+ x(l— xzﬂw,

15 = [%(1— x)(z — X+ 2X2)G(X,t)+ {—%x(l— x)(5 —4x + 2x2) +%x|n(1/ x)}m} (12)

(11)

OX
and
Vv \V4 2 6F2V(x,t)
1Y = —[@— x)Xx +3)]FS (x,t) + |:2X In@/ x)+ x(l— X j]T : (13)
Now using equations (11) and (12) in equation (1) we have,
aFS(X’t) Af aFS(X ) aG(X t)
2 - > —2 14
p AC)F (x,t)+ B(x) ~ +C(X)G(x,t)+ D(x) ——~ . (14)

Let us assume for simplicity,
G(x, t) = K(X) F5° (x, 1), (15)
where K(x) is a function of x. Now equation (14) gives

OF5 (x,t)
ot

oF3 (x, t)]

-0, (16)
OX

f [L(X)FS (X, 1)+ M ()

where
A(X)= 3+ 4 In(1-x)-(1-x)(3+ x), B(X) = x (1-x%) + 2x In(1/ x), C(x) = 1/ 4 (1-x)( 2-x+ 2x%),

D(x) =x [-1/ 4(1-x)(5-4x+ 2x2)+(3/ 4) In(1/ x), L(x) = A(X) + K (X)C(X) + D(X) oK (X)

and  M(x) = B(x)+ K(xX)D(x).

Secondly, using equation (13) in equation (2) we have

\% A v
apzaix’t) - {F«x) FY (x,t)+ Q00 —anaix't)} _o, (17)

where P(x) = 3+ 4 In(1-x)-(1-x)(x+ 3) and Q(X) = x(1-x%)-2x Inx. The general solutions of equations (16) is [13-14] F (U,
V) =0, where F is an arbitrary function and U(x, t, F,) = C; and V(x, t, F,) = C, form a solution of equation

_dx_dt_ dRF(xY) (19)
AfM()  —t  —AfLOOFs(x,1)

7IM(X)

Solving equation (20) we obtain, U(x,t,Fz)—texp{ dx} and V(x,t,Fz) F$(x, t)exp[ (( )) }

If U and V are two independent solutions of equation (18) and if o and £ are arbitrary constants, then V= aU+ £ may be
taken as a complete solution of equation (16). We take this form as this is the simplest form of a complete solution which
contains both the arbitrary constants o and 5. Now the complete solution [13-14]

Page | 14
Novelty Journals




- Novelty Journals

International Journal of Novel Research in Physics Chemistry & Mathematics
Vol. 1, Issue 1, pp: (12-24), Month: September-December 2014, Available at: www.noveltyjournals.com

L(x) 1 1 (19)
F5(x,t dx | = at —_— d
2(x )exp[f 0 x} exp[ ; IM(X) x}+ﬂ
is a two-parameter family of surfaces. The one parameter family determined by taking # = o has equation
L(x) 1 1 2 (20)
Fs Bk S0 = — .
2(x,t)exp[] S dx} atexp{ ; I o dx}+a

Differentiating equation (20) with respect to o, we get  _ _1,[6)(10['6\1I Ml( ) dx]. Putting the value of « in equation
f X

(20), we obtain the envelope

F§<x.t>=—it2ex{f[ 2 Lo H @

AsM xX) M((x)

which is merely a particular solution of the general solution. Now, defining

— — 27 42 _
':25 (xt) = —itg expl | 2 L™ ax |, at t = t, where ty = In (Qo°/4°) at any lower value Q = Q,, we get
4 AsM xX) M)

from equation (21)

2
FZS(X,t)= FZS(XO,t{ttOJ , (22)

which gives the t-evolution of light sea quark structure function F,%(x, t).

Proceeding exactly in the same way, and defining FV(X ; )__Etz xpl | 2P |y, we get for valence
20 0 A Q) QM) ||

quark structure function

2

t 23
0

which gives the t-evolution of valence quark structure function F,'(x, t).

Again defining, s( ) 1.0 2 L(x) we obtain from equation (21)
F Xo-t :_Zt exp| [ X ,
X =X

2 ArM(x) M (x)

-0

X
£SO ES( 2 Loyl (24)
5 (x,t)=F5 (x t)exp[ J {Af M) M) |

X0
which gives the x-evolution of light sea quark function F,%(x, t). Similarly defining,

v 1 2 P(x) we get
F (Xo’t)——zt eXF{I[Af 000 Q(X)]dxl( ,

_XO

. x( 2 P (29)
FY (x,t)= FY (xo, t)exp X{){A,:Q(X) Q(X)J o
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which gives the x-evolution of valence quark structure function F,"(x, ).
For the complete solution of equation (16), we take 5 = o in equation (19). If we take § = o in equation (19) and

differentiating with respect to o as before, we get

dx |+1
As " M(X) ]

0= texp{lj
from which we can not determine the value of o. But if we take 8 = o> in equation (19) and differentiating with respect to

a, we get , _ —Etexp ij 1 dx | Which is imaginary. Putting this value of a in
A]c M (x)
tion (19) t ultimatel 3 = > >
equation we get ultimately _ ¢ S 1)2 [*EJE 2 LK
Fz (xt) =t [ 3) 73 e ArM(X) M (x)
Now, defining
3 1 3 3 we get
1 1 L ’
73 beto)=t0° [_Ejz +[_§J2 s Mo 5

t
FZS (x,t)= F2s (x, to {to

Proceeding exactly in the same way we get for valence quark structure function also

]2 which gives the t-evolution of light sea quark structure function F,(x, t).

3
2 which gives the t-evolution of valence quark structure function F,'(x, t).

t
Fy (x.t)=F) (x,'[0 {toj ,

Proceeding in the same way we get x- evolutions of light sea and valence quark structure functions as

3
3 e
d d X
S _ S X 2 L(x) an \% _pVv 2 P
F5 (X,t) =F (XO’ t)exp XJ;) ApM ) — ) dx F2 (X.t) F2 (XO, t)eXp X_[O Af o) QM) dx

respectively.
Proceeding exactly in the same way we can show that if we take f = o we get

. S t )3 4 and
F5(x,t)=F (X t {J T 3
> (X, 5 Xty ) S(y 1)_ S 3 LM
tO F>(x,t)=F; (xo.t)exp Xfo ArM(X) M) X

4

4
3 PX

3
FV(X,t): FV(X,t {tj P Vv _ Vv X
2 2 0 to Fy (x,t)= Fy (xo,t)exp on AQ() Q)

and so on. So in general, if we take = o’, we get
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y

s,V RY tly-1 — and
F (X,t)— F (X,to{toj ’ FS(X,t): FS(XO,t)EXp }( y_l _ L(X) dx
X0 AgM (xX) M)

y

X
EV Ot = BV (o Y1 _Pm
(x,t) (XO t)exp Xfo A Q00 Q00

which our t and x-evolutions respectively of light sea and valence

quark structure functions for g = o’. We observe if y—oo (very large), y/(y-1) —1.

Thus we observe that if we take S = o in equation (19) we cannot obtain the value of « and also the required solution. But
if we take £ = o, o, o, o°..... and so on, we see that the powers of (/t) in t-evolutions and the numerators of the first
term inside the integral for x- evolutions of valence and light sea quark structure functions are 2, 3/2, 4/3, 5/4....and so on
respectively as discussed above. Thus we see that if in the relation g = o, y varies between 2 to a maximum value, the
powers of (t/ty) varies between 2 to 1, and the numerator of the first term in the integral sign varies between 2 to 1. Then it
is understood that the solutions of equations (16) and (17) obtained by this methodology are not unique and so the t-
evolutions and x-evolution of valence and light sea quark structure function obtained by this methodology are not unique.
Thus by this methodology, instead of having a single solution we arrive a band of solutions, of course the range for these

solutions is reasonably narrow.

Again due to conservation of the electromagnetic current, F, must vanish as Q* goes to zero [15, 16]. Also R—0 in this
limit. Here R indicates ratio of longitudinal and transverse cross-sections of virtual photon in DIS process. This implies
that scaling should not be a valid concept in the region of very low Q2. The exchanged photon is then almost real and the
close similarity of real photonic and hadronic interactions justifies the use of the Vector Meson Dominance (VMD)
concept [17-18] for the description of F». In the language of perturbation theory this concept is equivalent to a statement
that a physical photon spends part of its time as a “bare”, point-like photon and part as a virtual hadron (s) [16]. The
power and beauty of explaining scaling violations with field theoretic methods (i.e., radiative corrections in QCD)
remains, however, unchallenged in as much as they provide us with a framework for the whole x-region with essentially
only one free parameter 4 [19]. For Q? values much larger than 42, the effective coupling is small and a perturbative
description in terms of quarks and gluons interacting weakly makes sense. For Q? of order .42, the effective coupling is
infinite and we cannot make such a picture, since quarks and gluons will arrange themselves into strongly bound clusters,
namely, hadrons [15] and so the perturbation series breaks down at small-Q® [15, 20]. Thus, it can be thought of A as
marking the boundary between a world of quasi-free quarks and gluons, and the world of pions, protons, and so on. The
value of A is not predicted by the theory; it is a free parameter to be determined from experiment. It should expect that it
is of the order of a typical hadronic mass [15]. Since the value of A is so small we assume at Q = A, F,°(x, t) = 0 due to
conservation of the electromagnetic current [15-16]. This dynamical prediction agrees with most ad hoc parameterizations
and with the data [19]. Using this boundary condition in equation (19) we get =0 and

1 L
|=2S (x,t)= ot exp{j( ATMOD _ M((>;)) ]dx:|. (26)
Now, defining ES(xt) = ot exp| | 1 L9 g | At where, t, = In (Qo%/4%) at any lower value Q =
2 Y ArM(X) M(X)

Qo, we get from eq (26)

F5(at) = F5(x ,t](i} @

to
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which gives the t-evolutions of light sea quark structure function in LO. Again defining,

S 1 L(x) we obtain from eq (26
F5'\xn,t)=atex - dx , q (26)
3bo) ol AM(X) M(x)

X 1 L(x
Fzs(x,t): Fzs(xo,t)exp | _ L™ dx |. (28)

X AfM(x) M(x)

which gives the x-evolutions of light sea quark structure functions in LO. Similarly we get for valence quark

Y (at) = EY (xtg {L] 29)

to
and
v Y X 1 PMX (30)
Fy (x.t)=F5 (xo,t)exp on[AfQ(X) Q(x)] dx.

We observed that unique solutions (equations (27), (28), (29) and (30)) of DGLAP evolution equations for valence and
light sea quark structure functions are same with particular solutions for y maximum in g = o’ relation in LO.

3. RESULTS AND DISCUSSION

In the present paper, we present our result of t-evolution of valence and light sea quark structure functions qualitatively
and compare result of x-evolution with a recent global parameterization [8]. These parameterizations include data from
H1, ZEUS, DO, CDF data. Though we present our results of t-evolution with y = 2 and y = maximum in B = o relation
our result with y = maximum is equivalent to that of unique solution and results of x-evolution for y = 2 and y = maximum
in B = o’ relation have not any significant difference.

In fig.1 (a-c) we present our results of t-evolutions of light sea and valence quark structure functions qualitatively for the
representative values of x given in the figures for y = 2 (solid lines) and y maximum (dashed lines) in B = o’ relation. We
have taken arbitrary inputs from recent global parameterizations MRST2001 [8] at Qu?= 1 GeV?. It is clear from figures
that t-evolutions of valence and light sea quark structure functions depend upon input F(x, to) and F'(x, ty) values. Unique
solutions of t- evolution for light sea and valence quark structure functions are same with particular solutions for y
maximum in B = ¢’ relation in LO.

For a quantitative analysis of x-distributions of light sea quark structure functions, we calculate the integrals that occurred
in equation (24) for N¢= 4. In figure 2 (a-b), we present our results of x-distribution of light sea quark structure functions
for K(x) = constant for representative values of Q = 10 GeV? (figure 2(a)) and Q* = 10 GeV? (figure 2(b)) and compare
them with recent global parameterizations (thin solid lines) [8] in the relation f=c” for y =2 (thick solid lines). Since our
theory is in small-x region and does not explain the peak portion for u & d, so in each the data point for x- value just
below 0.1 for s and 0.01 for u & d has been taken as input to test the evolution equation (24). We observed that agreement
of the results (thick solid line) with parameterization is found to be good at K(x) = 60, 590 for u & d and K(x) = 210, 520
for s in figure 2(a) and figure 2(b) respectively. In the same figures we present the sensitivity of our results (dashed lines)
for different constant values of K(x). We observe that if value of K(x) is increased or decreased, the curve goes upward or
downward direction respectively. But the nature of the curve is similar.

Page | 18
Novelty Journals




2

International Journal of Novel Research in Physics Chemistry & Mathematics
Vol. 1, Issue 1, pp: (12-24), Month: September-December 2014, Available at: www.noveltyjournals.com

In figures 3 (a-b) and 4(a-b) we present our results of x-distribution of light sea quark structure functions for K(x) = ax’,
where ‘@’ and ‘b’ are constants for representative values of Q? = 10 GeV? (figure 3(a-b)) and Q? = 10 GeV? (figure 4(a-b))
and compare them with recent global parameterizations (thin solid lines) [10] in the relation p=«’ for y = 2 (thick solid
lines). Since our theory is in small-x region and does not explain the peak portion for u & d, so in each the data point for
x-value just below 0.1 for s and 0.01 for u & d has been taken as input to test the evolution equation (24). We observed
that agreement of the results (thick solid line) with parameterization is found to be gopodata=135& b =033 foru & d
and a =130 & b = 0.35 for s at Q% = 10 GeV? in figure 3(a-b) and a = 211 & b = 0.25 for u & d and a = 260 & b = 0.29
for s at Q? = 10* GeV? in figure 4(a-b). In the same figures we present the sensitivity of our results (dashed lines) for
different values of ‘a’ and ‘b’. Here we take b = 0.33, 0.35 in figure 3(a) and b = 0.25, 0.29 in figure 4(a). We observe that
if value of ‘@’ is increased or decreased, the curve goes upward or downward direction. But the nature of the curve is
similar.

(a) xs
9 | Q=1 GeVv? X = .
/ (+7)
. x = .01
> _(_":’.T---_------.-----_-----__(+6)
6
x = .001
————— T L e = m= = == m == = mm = —= = == = =
(+5)
e —y— X=0001
(+4)
3 i i i i i
(0] 20 40 60 80 100 120
Q*(GeV?)
1000 10
(b) xu, (c) xd,
Qo2 =1 GeV? Qo” = 1GeV?
x =.1
100 1y .-
Al -
x = .01
S 10 01 S 0.1 x = .001
= .001 - - x = .0001
1 0.01 - -7
= .0001
0.1 0.001 = &
150 (0] 50 100 150
Q*(GeV?)

Fig. 1(a-c): Results of t-evolutions of light sea and valence quark structure functions qualitatively for the
representative values of x given in the figures for y = 2 (solid lines) and y maximum (dashed lines) in g = &’ relation.
We have taken arbitrary inputs from recent global parameterizations MRST2001 [8] at Q.= 1 GeV? For
convenience, value of each data point is increased by adding 4, 5, 6, 7 for x = 0.0001, 0.001, 0.01, 0.1 respectively.
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2

(@) Q%’=10GeV?
K =66, 68, 70foru & d
K = 200, 210, 220 for s

, \ (b) Q%= 10" GeV?
N\ K = 580, 590, 600 for u & d
2 * \ K = 510, 520, 530 for s -

Fig. 2(a-b): Results of x-distribution of light sea quark structure functions for K(x) = constant for representative
values of Q? given in each figure, and compare them with recent global parameterizations (thin solid lines) [8] in
the relation g=a’ for y minimum (thick solid lines). In the same figures we present the sensitivity of our results
(dashed lines) for different constant values of K(x).

In figure 3(b) and figure 4 (b), we present the sensitivity of our results (dashed lines) for different values of ‘b’ at fixed
value of ‘a’. Here we take a = 135, 130 in figure 3(b) and a = 211, 260 in figure 4(b). We observe that at b = 0.33 & 0.35,
agreement of the results (thick solid lines) with parameterizations data is found to be good in figure 3(b) and at b = 0.25 &
0.29, agreement of the results (thick solid lines) with parameterizations data is found to be excellent in figure 4(b). If
value of ‘b’ is increased or decreased the curve goes downward or upward direction. But the nature of the curve is similar.

In figures 5(a-b) and 6(a-b) we present our results of x-distribution of light sea quark structure functions for K(x) = ce™®,
where ‘c’ and‘d’ are constants for representative values of Q* = 10 GeV? (figure 5(a-b)) and Q* = 10 GeV? (figure 6(a-b))
and compare them with recent global parameterizations (thin solid lines) [8] in the relation f=a’ for y = 2 (thick solid
lines). Since our theory is in small-x region and does not explain the peak portion for u & d, so in each the data point for
x-value just below 0.1 for s and 0.01 for u & d has been taken as input to test the evolution equation (24). We observed
that agreement of
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2
() K = ax”, ©Q2= 10 GevVv?
a= 130, 135, 140 & b = .33 for u & d
a =120, 130, 140 & b = .35 for s
= 2 -
>
u
d
o —
O.0001 O0.001 0.0 O.1 a1
x
2

(b)) K = ax®, ©= 10 GevVv?
a=135 & b = .36, .33, .3foru & d
b =

a= 130 & 4, .35, .3 for s

= =
=
u
d
—
o.1 i

Fig. 3(a-b): Results of x-distribution of light sea quark structure functions for K(x) = ax®, where ‘a’ and ‘b’ are constants for Q
= 10 GeV? and compare them with recent global parameterizations (thin solid lines) [8] in the relation g=a’ for y minimum
(thick solid lines). In the same figures we present the sensitivity of our results (dashed lines) for different values of ‘a’ and ‘b’.
The results (thick solid line) with parameterization is found to be good at c =47.8 & d =-1 for u ,d and ¢ =32.5 & d=-20 for s at
Q?=10 GeV? in figs.5(a-b) and c=465 & d=-.4 for u ,d and ¢=385 & d = - 25

\ @ K = axP, @ = 10" Gcev>
AR a= 191, 211, 221 & b = .25 for u & d
2 A a = 250, 260, 270 & b = .29 for s -
=
=
a -
o
O.0001L oO.004L oO.01L oO.1L a
>x<
=3
=
=
u -
o
O.0001L oO.001L oO.01L oO.1 a

Fig. 4(a-b): Results of x-distribution of light sea quark structure functions for K(x) = ax®, where ‘a’ and ‘b’ are constants for Q2
= 10* GeV? and compare them with recent global parameterizations (thin solid lines) [10] in the relation g=a’ for y minimum
(thick solid lines). In the same figures we present the sensitivity of our results (dashed lines) for different values of ‘a’ and ‘b’.
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for s at Q% = 10" GeV? in figs. 6(a-h). In the same figures we present the sensitivity of our results (by dashed lines) for
different values of ‘c” and‘d’. Here we take d = -1, -20 in figure 5(a) and d = -.4, -25 in figure 6(a). We observe that if
value of ‘¢’ is increased or decreased, the curve goes upward or downward direction. But the nature of the curve is
similar.

2
(@) K =ce ¥, Q%= 10 GeV?
c =46.8,47.8,48.8 & d =—1foru & d
c=31.5,32.5,33.5&d =—20 for s

2
(b) K =ce ™, Q%= 10 GeV?
c=478& d =—5,—1,—1.5foru &d
c=325&d=—15, —20, —25 for s

xf(x)

Fig. 5(a-b): Results of x-distribution of light sea quark structure functions for K(x) = ce™, where ‘c’ and ‘d’ are
constants for Q> = 10 GeV?, and compare them with recent global parameterizations (thin solid lines) [8] in the
relation f=a’ for y minimum (thick solid lines). In the same figures we present the sensitivity of our results (dashed
lines) for different values of ‘c’ and‘d’.

In figure 5(b) and figure 6 (b), we present the sensitivity of our results (dashed lines) for different values of'd’ at fixed
value of ‘c’. Here we take ¢ = 47.8, 32.5 in figure 5(b) and ¢ = 465, 385 in figure 4(b). We observe that at d = -1, & -20,
agreement of the results (thick solid lines) with parameterizations data is found to be good in figure 5(b) andat d =-.4 & -
25, agreement of the results (thick solid lines) with parameterizations data is found to be excellent in figure 6(b). If value
of*d’ is increased or decreased the curve goes upward or downward direction. But the nature of the curve is similar.

We observed that for x- evolutions of light sea quark structure functions, results for y minimum and maximum in g = o’
relation in LO have not any significance difference.

It is to be noted that unique solutions evolution equations for valence and light sea quark structure functions are same with
particular solutions for y maximum in 8 = o’ relation in LO.
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Fig. 6(a-b): Results of x-distribution of light sea quark structure functions for K(x) = ce’™, where ‘c’ and‘d’ are
constants for Q% = 10* GeV?, and compare them with recent global parameterizations (thin solid lines) [8] in the
relation =&’ for y minimum (thick solid lines). In the same figures we present the sensitivity of our results (dashed
lines) for different values of ‘c’ and ‘d’.

4. CONCLUSIONS

From our above discussion, it has been observed that though we can derive a complete unique t-evolution for valence and
light sea quark structure functions in LO, yet we can not establish a complete unique x-evolution for light sea quark
function in LO. K(x) is the relation between light sea quark and gluon structure functions may be in the forms of a
constant, an exponential function of x or a power in x and they can equally produce required x-distribution of light sea
quark. But unlike many parameter arbitrary input x-distribution functions generally used in the literature, our method
required only one or two such parameter. On the other hand, the explicit form of K(x) can actually be obtained only by
solving coupled DGLAP evolution equations for singlet and gluon structure functions, and works are going on in this
regard.
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